A new measurement of fusion reactions down to 10 nb has been performed for the system 64 Ni + 64 Ni. Coupled-channels analyses have been carried out for the systems 60 Ni + 89 Y and 64 Ni +
§1. Introduction
The asymptotic behavior of reaction cross sections at very low energies is a critical issue for calculating reaction rates of astrophysical interest. Recently, it was pointed out that fusion cross sections for several heavy-ion systems show an unexpected behavior at very low energies, 1) with a much steeper falloff than predicted by coupled-channels calculations, 2) or from Wong's formula. 3) In the present work, we first present a new result for the excitation function in an open-shell system, 64 Ni + 64 Ni down to the 10 nb level, we then analyse in a coupled-channels description the fusion of 60 Ni + 89 Y and 64 Ni + 64 Ni, i.e. the systems which have been measured to extreme sub-barrier energies. Fusion reactions at extreme sub-barrier energies are then studied in a representation in terms of the S factor. This parametrization, which in the past has been successfully applied to fusion reactions with lighter ions at low energies, proves to be an alternative and pragmatic way of characterizing and exploring the behavior of heavy-ion fusion cross sections in the energy domain of interest. To our surprise, a maximum appears systematically in the evolution of S with decreasing energy for all systems that exhibit the steep falloff in cross section described above. This maximum occurs at rather high excitation energies in the compound nucleus. §2. Experimental results for 64 Ni + 64 Ni Fusion-evaporation excitation functions in the system 64 Ni + 64 Ni have been measured previously by two groups, Beckerman et al. 4) at BNL and Ackermann et al. at LNL. 5) The energy range measured in both experiments, however, is not low enough for a detailed study of the unexpected steep falloff.
The new experiment was performed at the Argonne super-conducting linear accelerator ATLAS with Fragment Mass Analyzer. The detection technique used in the experiment and the data analysis method are rather similar to our previous experiment. 1) The system 64 Ni + 64 Ni was studied in the energy range of 172 to 212 MeV and the experimental results are shown in Fig. 1a , together with the cross sections obtained in Refs. 4) and, 5) respectively. At the lowest energy, no fusion events were observed. The upper limit in Fig. 1a represents the cross section for one count. Our measurements are in good agreement with the results from Ref., 4) but are shifted by about 1.5 MeV (in the laboratory system) towards lower energies, when compared to the results from Ref. 5) There might be a systematic difference for the energy determinations of the 64 Ni beam at the two accelerator systems of ATLAS (at ANL) and XTU (at LNL). But the systematic energy differences are not important for a discussion of the logarithmic derivatives. Compared to the previous experiments, our results extend the fusion cross sections by more than three orders of magnitude, down to the 10 nb level. §3. Coupled-Channels Calculations for 60 Ni + 89 Y and 64 Ni + 64 Ni
The experimental cross sections for 60 Ni + 89 Y 1) are compared in Fig. 2a with several calculations. The coupled-channels calculations (dashed curves) are performed in the rotating target frame approximation 6) and include the low-lying quadrupole and octupole excitations of the 60 Ni projectile and the 89 Y target, their mutual excitations, as well as the two-phonon quadrupole excitation in 60 Ni. The parameters used for the real ion-ion potential are V 0 =77.68 MeV, a=0.63 fm and R=9.837 fm, resulting in a Coulomb barrier of 132.4 MeV. We also made a coupledchannels calculation based on a modified interaction (given by the solid curve). This interaction is the same as above for r > R but has a larger diffuseness a i = 2a for r < R (for a detailed discusion see Ref. 7) ). The one-dimensional barrier penetration calculations (dotted curve) using the same ion-ion potential parameters V 0 and a but a different radius R=10.26 fm, is adjusted to reproduce the measured data in the 122 -126 MeV energy range, resulting in a Coulomb barrier of 127.3 MeV.
The unexpected steep falloff in low-energy fusion cross sections in Ref. 1) was originally analyzed by plotting the logarithmic derivative of the measured fusion cross section σ times the center-of-mass energy E, defined as :
Figure 2b compares such derivatives obtained from both the measured fusion cross sections and the calculations displayed in Fig. 2a . The experimental results, shown as closed and open circles, were obtained from consecutive data points and from least-squares fits to three data points, respectively. For the theoretical calculations it should be noted that Wong's formula, used to fit the data in Ref., 1) produces a constant logarithmic derivative at low energies with a value around 1.5 (not shown in Fig. 1b) . The new Coupled-channels approach (solid curve) improves the agreement with the data in the 122 -130 MeV domain. At lower energies, however the curve develops a maximum and starts oscillating. Thus, the new calculations still cannot reproduce the experimental logarithmic derivatives at the lowest energies.
Coupled-channels calculations have been performed previously for 64 Ni + 64 Ni 7) by fitting the data of Ref. 5) The present calculations are fitted to the new fusion data using also the modified interactions. The calculation includes 2 + and 3 − one-phonon excitations, the mutual excitation, and the two-phonon quadrupole excitation (a total of 1 + 2 + 2 = 5 channels) and an ion-ion potential parameters with V 0 = 75.98 MeV, a = 0.676 fm, a i =5 fm and R = 9.520 fm. The modified interaction calculation results are shown in Fig. 1a as a solid curve. The dotted curve is a one-dimensional barrier penatration calculations based on the same potential used in the coupled-channels calculations. The experimental cross sections again show a steeper falloff as compared to the coupled-channels calculations.
The logarithmic delivatives extracted from the experimental data are shown in Fig. 1b and compared with the calculations. The data show an increase with decreasing energy. The coupled-channels calculation is found to increase only modestly at low energies. The upper dashed-dotted curves, L 0 (E), shown in both Fig. 1b and 2b represent an s-wave transmission for a pure Coulomb potential, which will be discussed later. At the lowest energies, all the calculated curves shown in Fig. 1b and 2b are nearly parallel and none of them is able to reproduce the general behavior of the experimental results, indicating that a yet to be identified physical hindrance on fusion is missing in the description of the data. §4. S factor Representation While the behavior of the fusion cross sections at the lowest beam energies is illustrated well by the logarithmic derivatives introduced in Ref. 1) and used in Figs. 1 and 2, we shall show below that an alternative, pragmatic representation is also possible in terms of an S factor. Historically, the S factor was introduced as a useful way of parameterizing cross sections for radiative proton capture, and for light-ion fusion reactions. 10), 11) It is defined in terms of the fusion cross section σ as: 12) S
where E is the center-of-mass energy, η = Z 1 Z 2 e 2 /( v) is the Sommerfeld parameter and v is the beam velocity. The Gamow factor, exp(−2πη), accounts for the main part of the strong energy dependence of the fusion cross section in light-ion reactions, so that the S factor is essentially a constant or exhibits only a weak dependence on energy far below the Coulomb barrier. The ground state Q-values for light-ion reactions are usually positive. The reactions can, therefore, in principle take place down to zero center-of-mass energy, and the S factor is often extrapolated to E = 0. The S factor for heavy-ion fusion exhibits a very strong energy dependence just below the Coulomb barrier: it increases steeply with decreasing energy (see Fig. 3 ), reflecting the weaker energy dependence of the Eσ(E) product when compared to the Gamow factor. Nevertheless, the S factor must show a maximum for heavy-ion fusion because it has to approach zero when the reaction Q-value is negative. This occurs at the positive center-of-mass energy E = −Q, since the ground state of the compound nucleus is populated at this energy. At E = −Q, on the other hand, the Gamow factor will still have a finite value. From the definition of the S factor (Eq. (4 . 1)), it therefore follows that:
It should be noted that the logarithmic derivatives must eventually go to infinity when E → −Q as mentioned in Ref. 1) For light-ion fusion reactions with positive ground state Q-values, the lowest entrance channel energy where fusion can take place is evidently E = 0. At this energy the product Eσ will go to zero, whereas the inverse Gamow factor exp(2πη) will go to infinity. Their product in Eq. (4 . 1) may therefore reach a finite value at E = 0.
The interesting question now is at which energy will the S factor for heavy-ion fusion reach a maximum when the Q-value is negative? The examples shown in Fig.  3a 14) are the six systems that were discussed in Ref. 1) and above. They all exhibit a steep falloff in the fusion cross section at low energies. The solid curves are the results of coupled-channels calculations discussed in Ref. 1) and above. The dashed curves are fits to the data at higher energies based on Wong's formula which was used in Ref. 1) for those systems where coupled-channels calculations are not available. It is seen in Fig. 3a that the data for these systems all develop a maximum in the S factor at low energies. For the system 90 Zr + 90 Zr, a steep increase at the lowest energies, below the local maximum, is observed. This behavior might be caused by a small target contamination from heavier Zr isotopes as discussed in Ref. 1) According to Eq. (4 . 2), the maximum of the S factor has to occur at a finite energy, but it is again surprising that it corresponds to a rather large excitation energy in the compound nucleus, in the range of 20 to 30 MeV, where the associated level density remains very large. There is evidently some mechanism that hinders the fusion process below these high excitation energies. To the best of our knowledge, a model calculation resulting in a maximum of the S factor at these high excitation energies in the compound nucleus has not yet been proposed. §5.
Systematics of Low-Energy Data
The relation between the two representations of the low-energy fusion data, namely, the S factor and the logarithmic derivative, can be understood by looking at the derivative of the S factor. From Eq. (4 . 1), one obtains
A maximum in the S factor implies that dS/dE = 0. This is fulfilled when the logarithmic derivative is
where A 1 and A 2 are the mass numbers of the reaction partners and m N is the nucleon mass. This function, which is the logarithmic derivative for a constant S factor, is shown by the dashed-dotted lines in Fig. 1b and 2b . The logarithmic derivative L(E) extracted from the experimental data will intersect the curve L CS (E) exactly at the energy where the experimental S factor exhibits a maximum in Fig. 3a . Let us denote the energy and logarithmic derivative where this intersection occurs by E s and L s = L(E s ), respectively. These two quantities are then related by:
since they fall on the curve defined in Eq. 5 . 2. There is nothing particularly special about the S factor, nor about the values E s and L s where the logarithmic derivative extracted from measurements intersects with the logarithmic derivative for a constant S factor. It is simply an alternative and convenient way of characterizing the unexpected steep falloff of the measured fusion cross sections. Thus, when the S factor reaches a maximum, the logarithmic derivative will have reached a value that exceeds the expectations based on the coupled-channels calculations. The values E 0 obtained in Ref. 1) are close to the corresponding values of E s . The advantage of the S factor is that it gives a simple and direct representation of the fusion cross section, whereas the logarithmic derivatives (Eq. (3 . 1)) , and also the so-called barrier distributions 15) are more indirectly-derived quantities. Moreover, the energy E 0 , which was defined in Ref., 1) is model dependent, while E s and L s are obtained without free parameters.
It turns out that the value of L s is nearly identical for the five stiff systems shown in Fig. 3a, with 
This expression is given by the solid curve in Fig. 4 . The solid points are the values E s obtained for the six systems mentioned above. For 64 Ni + 64 Ni, the estimated value is below the curve. It is worth noting that this system is softer than the one studied via the 58 Ni + 58 Ni reaction.
There are other measurements in the literature where the S factor has not quite reached a well-defined maximum, but starts to deviate at the lowest energies from the calculations based on the coupled-channels formalism or on Wong's formula. There is even some evidence for a maximum in several cases. Fig. 3b . The solid curves represent the coupled-channels calculations reported in the original references. The behavior for 16 O + 144 Sm and 40 Ca + 90 Zr at the lowest energies is similar to that seen for 90 Zr + 90 Zr which, as mentioned before, might be due to small contaminations by heavier isotopes in the target. The triangles in Fig. 4 are estimated values of E s obtained by extrapolating the logarithmic derivatives of the measurements to the point where they intersect the curve L CS for a constant S factor, defined in Eq. Experiments with "softer" or well-deformed nuclei have usually not been performed at sufficiently low energies to extend into the region where the S factor exhibits a maximum. This may not be so surprising since the strong coupled-channels effects, typical for softer or well-deformed nuclei, tend to broaden the effective barrier distribution 15) and push the energy where the steep rise in the logarithmic derivative occurs down to even lower energies. Examples of systems where stronger couplings play a role are: 19 18) total fusion cross sections are available. Fission is the main contributor to fusion for these two systems even at the lowest energies. It thus appears that the behavior discussed above is present for both fusion-evaporation and fusion-fission reactions. §6. Conclusions
Our investigations show that the S factor is a convenient representation of fusion cross sections for heavy-ion systems at extreme sub-barrier energies. The S factor reveals through the presence of a maximum in the S vs E curve, the unexpected steep falloff in cross section reported previously. By combining the two representations, the logarithmic derivative and the S factor, we were able to derive a simple empirical formula for the energy where the S factor develops its maximum for reactions with stiff nuclei.
The coupled-channels calculations presented here demonstrate that the lowenergy behavior of heavy-ion fusion cross sections is sensitive to the parameterization of the ion-ion potential inside the Coulomb barrier, and the conventional Woods-Saxon form may not be suited for a realistic description. At present, coupledchannels calculations have not been able to reproduce the data down to the lowest energies. On the experimental side, it is clearly of interest to measure fusion cross sections down to even lower energies, especially for "softer" colliding systems, in order to investigate whether the experimental logarithmic derivative keeps increasing, exhibits a maximum, or starts oscillating.
